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EXERCISES. 95 

121 

Show that when the ellipse varies subject to the condition, a 4- b constant, 
the locus of T is the hypocycloid, 

xl + ^ = {a + b)\ 

which touches each ellipse at the point T. 

SOLUTION. 

The equation of the ellipse is '-j +-^ = i, (i) 

and we have a -\- b = c = & constant. (2) 

Differentiating (i) and (2), a and b only variable, 

~^da = — ^db, (3) 

da= — db; (4) 



(i) is -^ (« + ^) = I, or b = cJjS, and a = cW. 



(S) 



These in (2) give x^ -\- y^ = {a -{■ 6)5, a hypocycloid. From this equation 

^ = — -J,, which for X = x' = --j- . , y=y"z= _i ' becomes 

dx xi 1/(2 — a) 1/(2 — a) ' 

— 1/(1 — a), showing that the ellipse and hypocycloid have a common tangent 

at T. [William Hoover.^ 



EXERCISES. 



137 

Integrate the differential, 

sin d cos 6 



,de. 



sin* 6 + cos* 6 • [f . Root, Jr.'\ 

188 
About the vertices of an equilateral triangle three spheres are drawn with 
radii equal to the side of the triangle. Find the volume common to them all. 

[IV. M. Thornton:] 



96 EXERCISES. 

139 

An ellipse touches the given ellipse c?y^ -\- l^x^ — c^t? at the extremities of 
a diameter and has its foci on the curve. Find the position of its axis major, and 
the position of the foci when the angle between the given diameter and the axis 
major of the given ellipse is a maximum. \R. H. Graves^ 

140 
In the triangle ABC, the radius of the inscribed circle is 

I {b + c) cos' \A-\-{c -\- a) cos' \B -Y {a -{■ b) co.s' \C 
3 cot \A + cot \B + cot \C 

[Ormond Stone.l 
141 
Solve the differential equation, 

ud^j -j- 2 dudy ■=-v dx dy, 

u, v,y being all functions of ;i:. \_William Hoover^ 

143 
Let/ be a prime number of the form 4« — i, « being an integer. Let the 
primitive /'* roots of unity be 

w, a/, w''', . . . zv'^''~'. 

Put d ^ 27T Ip, and let the negative terms of the series, 

sin*?, sin (A'/?), s\n{X*e), . . . sin(A^-3(?), 
be a', a", a'", . , . . Then 

/=[tanj(/+ i)^-4(«t' + <t" + <7"'+ . . . )]'• 
Verify this relation for the particular cases p-= t,^ j, 1 1, and give a general proof. 

\ George Paxton Voufte:'] 
143 

If a curve of the fourth order have a singular point at which are three coin- 
cident tangents, this line passes through the intersection point of the bitangent 
with the line of junction of the two points of inflexion of the curve. 

[F. H. Loud:\ 

144 

Show that the diurnal path of the shadow of the top of a vertical rod on a 
horizontal plane will be a rectangular hyperbola, if 



2 sm 



md= sin [^ + f J + sin [^ — f J , 



where <p is the latitude of the place and 8 the declination of the sun, assumed to 
be constant. [i?. H. Graves^ 



